Abstract. In proving that the fiber of the double suspension has a classifying space, Gray constructed fibrations
Introduction
The purpose of this paper is to positively resolve two conjectures of Gray. Both concern statements at odd primes so we will assume from the outset that all spaces and maps have been localized at an odd prime p. In [G1] Gray constructs a classifying space for the fiber of the double suspension
In particular, he produces homotopy fibrations
with the properties that: (1) g • f ΩH, where
is the p th James-Hopf invariant, (2) Ωφ factors as the composite
where P is the connecting map in the EHP sequence, and T is the Toda map, and (3) f and g can be chosen to be H-maps if p ≥ 5. This setup also leads to a factorization of the p th -power map on Ω 3 S 2np+1 . In particular, the composite
is null homotopic, leading to a homotopy commutative square
for some map γ. In [H] , Harper filled in the missing piece by showing that γ could be chosen to be ΩE 2 . Gray has conjectured that this factorization should deloop. We prove that it does, given a suitable choice of the map φ.
is a homotopy fibration and
The restriction to primes larger than 3 comes from our use of the multiplicativity of the maps f and g.
The factorization in Theorem 1.1 ties into work of Cohen, Moore, and Neisendorfer [CMN] . Using different methods, they construct a map
such that E 2 • π 2n p. This was given its optimal formulation by Anick [A] , who constructed a homotopy fibration sequence
In particular, if φ and π 2np were homotopic (or homotopic when looped), then W n has T 2np−1 as a double classifying space. The second of Gray's conjectures can be considered a first test of whether his approach meshes with that of Cohen, Moore, and Neisendorfer. The map
lifts to ΩS 2n+1 {p}, the fiber of the p th -power map on ΩS 2n+1 . It follows that there is a homotopy pullback diagram:
Gray's work proved that the upper horizontal fibration can be moved one step to the right with the map
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The conjecture is that the lower horizontal fibration can also be moved one step to the right. Theorem 1.2 proves this is the case. 
Theorem 1.2 also fits nicely into the program of [G2] , which inductively constructs EHP -type sequences informing on the homotopy of Smith-Toda complexes. In this context, the fibration sequence from Theorem 1.2 is thought of as
The techniques used in this paper should have further application. Both Theorems 1.1 and 1.2 are concerned with delooping some statement. At heart, this is done by using the multiplicativity of certain maps together with (essentially) the Hopf construction to produce advantageous null homotopies.
2. Theorem 1.1: The factorization of the p th -power map on
The two main ingredients in the proof of Theorem 1.1 are Lemmas 2.2 and 2.3. It is a standard fact that for odd primes, the p th James-Hopf invariant has order p when looped. Selick [S] proved the more subtle fact that the lift of ΩH to the fiber of the p th -power map on Ω 2 S 2np+1 can be chosen to be an H-map.
Theorem 2.1. If p ≥ 3, then there is a homotopy commutative diagram
where h is an H-map.
The next lemma says that the H-lift in Theorem 2.1 can be factored by H-maps through BW n .
Lemma 2.2. If p ≥ 5, there is a homotopy commutative diagram
where all maps are H-maps.
Proof. Start with the H-maps f and h.
We first show that the asserted homotopy commutative diagram exists for some map i, and then show that such an i must be an H-map.
2 f has a right homotopy inverse. Knowing this, the homotopy equivalence can be recast as the sum of three maps, the inclusion
a right homotopy inverse
of f , and a product term
where µ is the Hopf construction. The inclusion E 2 composes trivially with h by connectivity, and so the multiplicativity of h implies that t also composes trivially with Σ 2 h. Hence Σ 2 h factors through Σ 2 f , giving a homotopy commutative diagram
for some map λ. Now first evaluating
and then taking adjoints gives the asserted factorization of h for some map i. To show that such an i is an H-map, consider the following diagram:
The outer and left squares homotopy commute. Since Σ 2 (f × f ) has a right homotopy inverse, the right square also homotopy commutes. Thus i is an H-map.
The following lemma starts with a fibration over a suspension and identifies the cofiber of the fiber mapping into the total space.
Lemma 2.3. Suppose F −→ E −→ ΣB is a homotopy fibration. Then there is a homotopy cofibration sequence
where b is the map obtained from suspending the homotopy action
Specifically, b is the composite
Proof. This is a corollary of [G1, Prop. 1(a)].
Proof of Theorem 1.1. Consider the homotopy pullback of H-spaces and H-maps:
By [CMN] , the p th -power map on Ω 2 S 2np+1 factors through the double suspension. Hence f • p * and so F Ω 2 S 2np+1 × W n . What is at issue, though, is the choice of splitting. We wish to show that s has a right homotopy inverse which gives a factorization of the p th -power map through the double suspension and which, when composed with t, has fiber BW n . That is the statement in Theorem 1.1.
Applying Lemma 2.3 to the homotopy fibration
we obtain a homotopy cofibration sequence
Using the H-map i in Lemma 2.2, let θ be the composite of H-maps
Since F is (2np − 2)-connected, the restriction of θ to the bottom cell of BW n is null homotopic. As θ is multiplicative, the definition of b in Theorem 2.3 implies that the composite
is also null homotopic. Hence 
First consider what happens when we composeλ with
As θ was defined to factor through the fiber of t, we have t
Next consider what happens when we composeλ with
The pullback defining F and the definition of θ imply that s • θ = g. Hence we have a homotopy commutative diagram
where e = s •λ. In particular, e is a homology isomorphism and so is a homotopy equivalence. This gives: (1) a splitting F Ω 2 S 2np+1 × W n , and (2) from the pullback defining F , a homotopy E 2 • t •λ p • e. Now, from the previous paragraph, BW n lifts to the fiber of t •λ, and the homology information from the homotopy in (2) tells us that the lift is a homotopy equivalence. Thus there is a homotopy fibration
To complete the proof of Theorem 1.1 we have to remove the homotopy equivalence e. Define φ as the composite
Then E 2 • φ p. Also, our care in choosingλ as a right homotopy inverse to
now pays off. Since e • g g, we have e −1 • g g, and so there is a homotopy fibration
Anick's space T is an H-space so we can consider the homotopy pullback diagram
where the bottom row is the Hopf construction and the right vertical arrow is the inclusion of the bottom cell. We begin by recording some facts regarding E. Let
be the Whitehead product of the identity map on S 2n with itself.
Lemma 3.1. The Whitehead product
Proof. The pullback defining E factors through the pullback
where P 2n+1 (p) is the bottom Moore space including into ΣT . By [CMN] or [A] , R = P 4n (p) ∪ higher, and the restriction of β to P 4n (p) is the composite
where [ν, µ] is the mod-p Whitehead product of the identity ν and the Bockstein µ on P 2n+1 (p). The lemma now follows once we observe that the restriction of
Corollary 3.2. ΩE ΩS
Proof. The factorization in Lemma 3.1 implies that ΩS 4n−1 is a retract of ΩE because it is a retract of ΩS 2n . So it remains to identify the homotopy fiber of
That this is Ω 2 S 2n+1 follows from the homotopy pullback:
Lemma 3.3. There is a homotopy commutative diagram
for some map γ which is degree one in H 2n ( ).
Proof. By [T] the map
T −→ ΩS 2n+1 in Anick's fibration lifts to a map
which can be chosen to be an H-map. Letδ be the adjoint of δ. The naturality of the Hopf construction then implies that the composition
is null homotopic. Hence
is null homotopic. By connectivity there is a homotopy commutative diagram:
The null homotopy ψ implies E • g lifts through the p th power map on ΩS 2n+1 . Let γ be some such lift. Then γ is degree one in H 2n ( ) because α is.
We now wish to examine the homotopy fiber of γ.
Lemma 3.4. There is a homotopy fibration
Further, the composite
Remark. It is likely that * , but what is really important is the appearance of the Whitehead product [ι, ι] in the homotopy for θ.
Proof. Consider the homotopy pullback:
We first show that X S 2n−1 and then use this to show that Y S 4n−1 . The latter homotopy equivalence proves the lemma.
By connectivity, the inclusion of S 2n−1 into T factors through X. This gives a homotopy fibration diagram is atomic. This then implies that t is a homotopy equivalence by the five-lemma. Replacing X by S 2n−1 , now consider the homotopy fibration
Again, since γ is degree one in H 2n ( ), Y is (4n − 2)-connected. Rationally then, we have Y S 4n−1 . This implies that p-locally, when the bottom cell is included into Y , the composite θ :
is homotopic to [ι, ι] + , where ∈ π 4n−1 (S 2n ) is p-torsion. The perturbation of the Whitehead product [ι, ι] by does not affect the Serre spectral sequence calculation of the homology of the fiber of θ. Thus the homotopy fiber of θ is homotopy equivalent to S 2n+1 . This gives a homotopy pullback diagram:
Hence Y S 4n−1 by the five-lemma.
Proof of Theorem 1.2. It suffices to prove the existence of a homotopy fibration
a homology calculation then immediately implies that the homotopy fiber of the composite Ω 2 S 2n+1 −→ ΩS 2n+1 {p} −→ BW n is homotopy equivalent to S 2n−1 . By [G1, Prop 4(c) ], when p ≥ 3, there is a homotopy fibration
where the restriction to S 4n−1 in the left-hand map is the Whitehead product [ι, ι] . Consider the homotopy pullback diagram 
